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1 A bubble or two

When two soap bubbles are connected, the smaller is emptied in the larger
one [Fig. 1a]. We wish to understand this from energetic considerations. For
this we assume the compression of the air is negligible, so that their density
is taken constant. Then, we distribute the total air volume Vtot over two
bubbles, so that Vtot = V1 + V2.

a) Assuming the bubbles are perfectly spherical, express the areas A1 and
A2 in terms of the volumes V1 and V2.
b) Introduce the fraction f = V1/Vtot and show that the capillary energy
E = γ(A1 + A2) can be written in the form

E(f) = k
[
f 2/3 + (1− f)2/3

]
. (1)

c) Plot or sketch the function E(f), using e.g. k = 1. Explain why the equal
distribution (f = 1/2) is unstable and find the state(s) of lowest energy.

2 Dynamics of capillary rise

We consider the dynamics of capillary rise inside a cylindrical tube [Fig. 1b].
We denote the mass inside the tube as m(t) = ρAh(t), where h(t) is the

Figure 1: (a) Two bubbles that can exchange volume. (b) Dynamics of
capillary rise.
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height to which the tube is filled at time t, and A the cross-sectional area of
the tube. Newton’s law for this mass of liquid can be written as

d(mv)

dt
= Fγ − Fη −mg, (2)

where the terms on the right hand side are the forces exerted on the entire
column of liquid. In particular, Fγ = pA is the force due to capillary pres-
sure, and Fη = 8πη dh

dt
h the viscous force (η is the fluid viscosity).

a) Argue why the friction Fη, depends both on dh/dt and on h.

b) Show that the static solution to (2) gives Jurin’s law, h = 2γ/(ρgR).

c) Show that the balance Fγ ≈ Fη gives the Washburn-law, where h ∼ t1/2.

In reality, the starting phase is not as violent as suggested by this scaling
law. To see this, one needs to consider the fluid’s inertia in equation (2).

d) Show that the initial rise velocity V0 =
(
dh
dt

)
t=0

= ( 2γ
ρR

)1/2.

3 Minimal surfaces: elastica versus menisci

In this exercise we explore the remarkable correspondence between the shape
of elastic sheets and capillary menisci under gravity – as exemplified in Fig. 2.
Though the droplet on the photograph is axisymmetric, we will treat the
problem as two-dimensional.

Figure 2: (a) Elastica: sheet of paper clamped at the two edges. Image
courtesy Sander Wildeman. (b) Capillary meniscus under the influence of
gravity: water drop levitating on its own vapour layer above a hot plate (i.e.
the Leidenfrost effect). Image taken from Quéré, Ann. Rev. Fluid Mech 45,
197 (2013). The elastica and the upper part of the droplet are governed by
the same equation.
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We consider that the interface shape described by a function h(x). The
associated free energy can be computed from an integral

E =
∫
dxL(h, h′). (3)

As in many physics problems, the goal is to find the function h(x) that
minimises the functional E. Under the influence of gravity, the free energy
of a flat capillary meniscus becomes:

L(h, h′) = γ
(
1 + h′2

)1/2
+

1

2
ρgh2. (4)

At the bottom of this exercise you will find a brief reminder of how the
shape of minimal energy can be determined from the Euler-Lagrange equa-
tion, given as equation (11).

a) Show that the Euler-Lagrange equation for the meniscus shape gives the
(expected) balance of capillary pressure and hydrostatic pressure:

γκ− ρgh = 0, (5)

where κ is the meniscus curvature

κ =
h′′

(1 + h′2)3/2
. (6)

The 2D shape of an elastic sheet (such as a deformed piece of paper) is
best described using a curvilinear coordinate s and the angle θ(s), as sketched
in Fig. 3. The free energy now reads

E =
∫
dsL(θ, θ′), (7)

where

L(θ, θ′) =
1

2
B θ′2 − fx cos θ. (8)

Here, B is the bending modulus of the sheet while κ = θ′(s) = dθ/ds is in
fact identical to the curvature (6), but now expressed in curvilinear coordi-
nates. The second term in (8) corresponds to the work done by the external
horizontal force fx at the edge of a sheet (dW = fxdx, and dx = ds cos θ).
b) Show that the Euler-Lagrange equation for the elastica reads

Bθ′′ − fx sin θ = 0. (9)
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Figure 3: Curvilinear coordinate s runs along the shape of the elastic sheet.
The shape is determined by the local angle θ(s). The curvature is defined by
κ = dθ/ds.

c) Using the geometric connections κ = θ′ and sin θ = dh/ds, show that (9)
is indeed identical to (5).

d) Bonus: Introduce the length scale L =
√
γ/(ρg) = 1, so that (5) becomes

κ = h. Show that this equation be integrated analytically to the form

x(h) =
(
4− h2

)1/2
− arccosh(2/h). (10)

Hint: Multiply the meniscus equation, κ = h, by h′ and integrate it to
1/
√

1 + h′2 = 1− h2/2. Ask your teacher for more hints towards (10).

3.1 Euler-Lagrange equation

A famous result from variational calculus is that the function h(x) that min-
imises the free energy (3) can be computed from the Euler-Lagrange equation:

d

dx

[
∂L
∂h′

]
− ∂L
∂h

= 0. (11)

Note that this formalism is useful for many applications. For example, in
classical mechanics the function L(x, ẋ) is known as the Lagrangian, where
x(t) and ẋ = dx/dt respectively are the position and velocity of a mass.
The integration variable appearing in (3) in that case is time t, and the
Euler-Lagrange equation gives Newton’s equation of motion. For the elastica
(exercise c and d), the function is θ(s) and the integration variable s.
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